Point sets on Manifolds

Point sets on Manifolds
Manifold M, structure, distance metric

@ Sphere
S = {x c R x| =1}

@ Grassmann

Gra = {PeR¥™:.pPT =p P?= P rank(P) =k}
= {PeR™ . P=QQ",Q e R QTQ = I}

o Stiefel
{(PeR" . PTP =1}

Point set
Xn :{ml,...,acN} cM
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Purpose/Optimization criteria

Quadrature (numerical integration)

Quadrature (numerical integration)
N
S uwif@) [ fle)dote)
i=1 M

@ Exact for polynomials of degree <t
@ t-designs: equal weight rule exact for polynomials of degree <t

@ Worst case error in a (Sobolev) space Hg, smoothness index s

S wif (e - [ f@yota)

i=1

WCE(Xy,w,Hs) :== sup
Il £l <1
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Purpose/Optimization criteria

Minimal energy

Energy/Distance

@ Riesz s-energy, s >0

o Log energy

@ Distance (maximize)
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Purpose/Optimization criteria

Geometry: Packing and covering
Choose points Xy C M:

o Packing: Maximize
min |x; — ;
i<j

@ Covering: Minimize

max min |x — x;
zeM i=1,...,.N
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Purpose/Optimization criteria

Approximation

@ Interpolation by polynomials or other basis functions
o Needlets

@ Radial Basis Functions (RBF)

°

°

Sparsity
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Purpose/Optimization criteria

Good point sets

o Finding/proving global optimal very hard
@ Good point sets — compare to

@ Asymptotic estimates
@ Lower bounds
9 ...
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Example: S?, Coulomb (s = 1) energy, C,

Ci = (BE; — 1N?) /N3/2,  Asymptotic limit (KS) ¢; ~ —0.553051293

c1 = (pe - 0.5 N?) / N%2
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Example: S?, Coulomb, C, for ME, EA, SB points

Compared to fast point sets
c1 = (pe - 0.5 N?) / N%2
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Example: S?, Coulomb (s = 1) energy, Co

Cy = (Ey — 4N? — ¢;N3/2) /(N log(N))

c2L = (pe - 0.5 N2 - c1a N%?) / (N log(N)), c1a = -5.53051293¢-01
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Purpose/Optimization criteria

Example: S?, Coulomb (s = 1) energy, C5 details

Cy = (Ey — 4N? — ¢;N3/2) /(N log(N))

5 62Ut (pe - 0.5 N2 - c1a N¥?) / (N log(N)), c1a = -5.53051293e-01
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Purpose/Optimization criteria

Example: S?, Coulomb energy, Voronoi cells

Voronoi cells for ME points
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Example: S?, N = 2000

CCD 1950575.6389387 ME 1950575.503582

=
=3
DDy OSSO OE

OSSO,

oo
oo

@ Pentagons (58)
©  Hexagons (1896)
@ Heptagons (46)
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Example: S?, s =1, large N, ¢; ~ —0.553051293

N| B C Cs (/N) s (/(Nlog(N)))
12288 | 7.4744e+07 -5.5280e-01 2.8249e-02 3.0000e-03
15625 | 1.2099e+08 -5.5282e-01 2.8652e-02 2.9671e-03
31250 | 4.8523e+08 -5.5287e-01 3.1614e-02 3.0546e-03
49152 | 1.2019e+09 -5.5288e-01 3.8091e-02 3.5261e-03
60516 | 1.8229e+09 -5.5288e-01 4.3210e-02 3.9244e-03
62500 | 1.9445e+09 -5.5287e-01 4.5599e-02 4.1292e-03

125000 | 7.7881e+09 -5.5290e-01 5.4820e-02 4.6711e-03
196618 | 1.9279e+10 -5.5288e-01 7.4445e-02 6.1076e-03
250000 | 3.1181e+10 -5.5290e-01 7.3905e-02 5.9461e-03
260000 | 3.3727e+10 -5.5289e-01 8.1607e-02 6.5450e-03
500000 | 1.2480e+11 -5.5292e-01 9.2876e-02 7.0777e-03
786432 | 3.0885e+11 -5.52901e-01 1.2102e-01 8.9149e-03

1000000 | 4.9945e+11 -5.5294e-01 1.1321e-01 8.1947e-03

2000000 | 1.9984e+12 -5.5295e-01 1.3693e-01 9.4375e-03

3000000 | 4.4971e+12 -5.5292e¢-01 2.2573e-01 1.5136e-02

3145728 | 4.9447e+12 -5.5291e-01 2.4424e-01 1.6324e-02

4000000 | 7.9956e+12 -5.5203e-01 2.4543e-01 1.6145e-02
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Example: S?, Log energy
Cy = (Eg —coN?+c1Nlog(N)) /N, ¢y =1 —log(2), o =41,
Asymptotic limit (BHS): ¢a = —0.0556053

(E%E — (1/2 — log(2))N? + 1/2N log(N)) /N
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Example: S?, Log energy, Cs

C3 = (Eg — coN? 4+ ¢1N1log(N) — caN) /(v/N log(N))
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Example: S?, Log energy. C3 details

C3 = (Ey — coN? + ¢1 N log(N) — ¢°N) /(V/N log(N))

0,024 (_Ejgg — (1/2 = log(2))N? + 1/2N log(N) + 0.055605N) /(v/N log(N))
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